ABSTRACT. We justify rigorously an asymptotic method developed for twodimensional solitary waves at the interface between two isothermal layers of a perfect gas under gravity bounded by two rigid horizontal planes. Assuming that the two isothermal layers are in thermal inversion, we prove that if the reciprocal of the Froude number is smaller than but near the larger one of two critical values, the solitary wave solution obtained by the formal asymptotic method is indeed an approximate solution to the exact equations, thus establishing the mathematical existence of a solitary wave in this context.
Introduction
In recent years, there has been growing interest in studying interfacial progressive waves in an incompressible fluid. These problems generate many interesting wave patterns and require new mathematical methods to find solutions. They have been investigated numerically in [7] - [9] , [15] , and the mathematical existence of the interfacial solitary waves has been proved in [l] - [3] , [11] , [12] , among others. Discussion of solitary waves in continuously stratified fluids can be found in the book on stratified flow by Yih [16] and the references cited there. Numerical studies of atmospheric interfacial waves, which are of much meteorological interest, also have been reported recently in [4] and [5] . Indeed, solitary pressure jumps at the interface between two isothermal layers in thermal inversion have long been observed to have a high correlation with the formation of tornados [13] . However, at present, a rigorous asymptotic theory of interfacial solitary waves in a compressible fluid is lacking, although some formal results are available [10] .
In this paper, we justify rigorously the formal asymptotic method developed for two-dimensional interfacial solitary waves in a perfect gas with two isothermal layers in thermal inversion. This physical configuration is of interest in meteorological applications. We hope that our work may stimulate further research on rigorous asymptotic methods for progressive waves in other configurations of a compressible fluid, which pose many challenging mathematical questions. Let the constant temperatures in the upper and lower layers be T2 and Ti, respectively, and Ti < T2. For simplicity, the upper and lower boundaries of the fluid domain are assumed to be horizontal and rigid. However, the same method used here also could deal with a free surface as the upper boundary without much difficulty. A coordinate system moving with a solitary wave at a constant speed c is chosen so that the fluid motion is steady. We define ^ = ght/c 2 = AQ + eAi as the reciprocal of the Froude number where g is the constant gravitational acceleration, hi is the equilibrium height of the lower layer, and e is a small positive parameter. Two critical values X± of AQ have been found where A+ > A_ > 0. For A near but less than A + , our main result is the following:
There exists an asymptotic solution, which represents an interfacial solitary wave, of the equations governing the motion of two isothermal layers of a perfect gas separated by an interface, bounded below and above by a rigid boundary. The expression of the interface is given by r ? ( a r) = eVo"V'o +^1/^) + 0(e 2 ).
Here z = rj(x) is the equation of the interface, -ip^ and ipQ are the constant values of a stream function at the lower and upper boundaries, respectively, Ai, i = 1,2,3 are constants, AQ, AI > 0, A2 is assumed to be nonzero, and 0(e 2 ) is a term of order e 2 . Therefore, the first approximation in an asymptotic expansion of the interface equation is a solitary wave of elevation if A2 < 0 or a solitary wave of depression if A2 > 0. In both cases, Ai must be negative. We also note that for A2 -0, our method fails and a solitary wave as a solution of the so-called modified Korteweg-deVries equation could be derived by a refined asymptotic method. We omit that rather tedious derivation, but refer the reader to a discussion of a similar but simpler case for an incompressible fluid in [11] .
S^x) = (SX
The paper is organized as follows. The problem is formulated in Section 2 where the interface is transformed into a fixed horizontal line by using the stream function and the horizontal coordinate as independent variables, and the so-called streamline function is used as one of the dependent variables. The density of the compressible fluid is not a function of the stream function as in the incompressible case, so we have to deal with a system of equations governing the streamline function and the density. In Section 3, the approximate solution of a solitary wave is derived by a formal asymptotic expansion and two critical values A± of AQ are obtained. For A near A_, the linear part of the governing equation for the lower layer in the x,^-plane becomes hyperbolic, and the method developed for AQ = A + does not apply. We defer this case to a further study, and will consider only AQ = A + in this paper. In Section 4, we reformulate the governing equations and boundary conditions as a system of nonhomogeneous equations with linear terms as the dominant part of the system. A solvability condition is derived for the nonhomogeneous system, which eventually yields an approximate solitary wave solution. Some Banach spaces for later use also are introduced. In Section 5, we derive a 'priori estimates for the ordinary differential equation associated with the solvability condition and also for the partial differential equation governing the gas motion. Furthermore, we show that an eigenvalue problem derived from the linearized equations possesses nonpositive eigenvalues only. Therefore, in the case considered here, the appearance of a solitary wave with ripples at infinity [12] is excluded. The final existence result is proved in Section 6 by means of the contraction mapping theorem.
Formulation
We consider a perfect gas consisting of two layers bounded by two rigid plane boundaries. At equilibrium the lower layer is at temperature T\ with height h\\ the upper layer is at temperature T2 with height h\^ separated from the lower layer by a contact interface; po is the pressure at the interface, and the densities at the sides of the interface are pj 5 Po ^o r ^^i e ^PP 61 " an d lower layers, respectively. Note that Ti < T2
implies pQ > pj for a perfect gas. Assume that there is a wave of permanent type moving with a constant velocity c on the interface. A coordinate system moving with the wave is chosen such that the x*-axis coincides with the equilibrium interface and the z*-axis passes through the crest or the trough of the wave and is positive upward (Fig.l) . In reference to this coordinate system, the wave is stationary. At infinity, the h 2 ,T 2 ^ V T i FIGURE 1. Configuration of the two-layer fluid.
gas is moving with constant speed c. The governing equations are {p*u*) x .+(p*v*) z *=0, 2 are the sonic speeds of the upper and lower layers, respectively. The starred dependent variables are defined by '(/*(£*,z*))+ for 77*(a?*) < z* < ht, (/*(x*,^*))-for -ft* < z* < ?7*(ar*), Z*^*,^*) (6) and z* -ri*(x*) is the interface. From (1) The governing equations and boundary conditions in terms of /* become: in -ip-< ip* < 0, 0 < ^* < '0+,
L^ffi + ff/* + ^ Inp* = (c 2 /2) + ^ InCpo/Co*); 
To nondimensionalize (12) to (17), we let /* = hof, x* = hox, r = -^ ^t = -^,
where ho is the length scale and can be chosen as fcj, and po is the scale for density and can be set to Po . Then (12) to (17) become: in 0 < V < Vtf, -tfo < V-< 0, at tp = 0,
/ + -r,
where (T ± = Inp 11^. It is straightforward to check that
are equilibrium solutions of (19) to (24). We shall show that near the equilibrium solutions /o, (Jo, there exists a solitary wave solution of (19) to (24). Therefore, we write
We use (26) to rewrite (19)-(24) as follows: in 0 < ip < Vo" and -^ < V < 0,
at V = ^o",
at V = 0, 
and at rp --ipQ,
Here, we remark in passing that w,C, mean w + X + in the upper layer and w~,C,~ in the lower layer. We substitute (28) for (^ into the left-hand sides of (27) 
' (33)
Finally we use (28) to transform (33), (34), (29), (30) and (32) into
u; + = 0 at V = ^o" < 1; (37)
tt; + =«;-at ^ = 0; (39)
In the following we shall show that (35) to (40) possess a solitary wave solution under certain conditions.
Formal derivation
In this section, we use a formal asymptotic method to derive a solitary wave solution. Let w,£ have the following asymptotic expansions $ = e$i + e 2 $2 + • • • , A = AQ + eAi and x is replaced by e -1 / 2^ under the so-called long-wave assumption. After substituting these expansions into (35) to (40), we obtain a sequence of equations and boundary conditions for the successive approximations by equating the coefficients of like powers of e on both sides of the equations. The equations for the first-order approximations are
We can easily find a nontrivial solution ^(x,^) = rjfyeofy) with
which has two roots
where /x = (C* + /C-) > 1, A+ > A_, 
.A2(c+-c-)
AoC+<-«;+,y l
at ip = -ipQ, w^ = 0. This is a nonhomogeneous boundary-value problem. Since eo(^) is a nontrivial solution for the corresponding homogeneous problem, to solve the nonhomogeneous problem, the nonhomogeneous terms F and G must satisfy the solvability condition rri _ From (43), we obtain the following equation for 77(0;),
where
and A2 is complicated and given in Appendix 1. If A2 ^ 0, then (44) has a solution
provided that Ai < 0. Thus the solitary wave has to move at a speed greater than a critical speed. The first-order approximation of a solution (w, £) for (35) to (40) is
Now we have formally derived a solitary wave solution (46) for (35) to (40). In the following sections, we shall rigorously show that (46) is a first-order approximation of a solution of (35) to (40) for small e > 0, if A = Ao + Aie with Ai < 0 where Ao = A_}-. Note that by choosing some special values of /x, I/JQ < 1 and ^ > 0, we obtain l-C ± A + <0, 1-C + A_<0, and 1 -C'X-> 0.
Since 1 -C ± X± / 0, these inequalities remain for all ji > 1, ^Q" < 1, and ^o" > 0-From (35), we see that the linear part of (35) 1//2 . If the wave speed is near but greater than AI , the flow in the lower layer will be supersonic and the governing equation in the physical plane also will become hyperbolic for small e.
Transformations and Banach spaces
In (35) to (40), we let A = Ao + Aie = A + + Aie where A + is given in (42). Then (35) and (39) become
, (C + -C-)(2AoA 1 -AgA 1 (C + + C-))
Since we need to prove that (46) is an approximation of a solution of (35) to (40), we write
C(a;, </>) = e((l -^AQ)"
Then the equations (36) 
However, we note that eo(^) is a nontrivial solution of the corresponding homogeneous equations for (51), (53)-(55). To solve the nonhomogeneous problem, the nonhomogeneous terms F4 and G3 must satisfy
(56) '-% From (56) and the expressions of F4 and G3, and some tedious but straightforward calculations, we obtain an equation for u
where N includes all the small terms and nonlinear terms and is not presented. In Section 6, we shall show that (51)- (55) and (57) have a solution (a;, #,£) for small 6>0.
We conclude this section with the definition of some Banach spaces to be used later. Let 0 < A < 1 be fixed, m, n be nonnegative integers, D+ = {(x, i/)) I 0 < ip < ip^, -00 < x < +00}, D~ = {(x,^) I -tpQ < ip < 0, -00 < x < +00}, 7-^/0^)= sup (|/(a: + (5,^1)-/(a:,^2)|exp(^1/ 2 |x|) /:
Here 6 f ,d>0 are fixed constants, we may choose, for example, 6 f = 10, and d will be a small constant to be determined later. Then define the Banach spaces
We note that j3 n and B® also include functions depending upon x only.
Differential equations
First, let us consider (57). Let
However, if f(x) and UJ(X) are even, the problem
has been studied in [14] and the solution can be written as LU = JC -1 /-We have
Lemma 1. If f(x) £ B^ for n > 0 and d is small in B®, then where K is independent of e and f{x).
The proof of Lemma 1 can be found in [14] . By checking terms in iV(c*;, 6, £) carefully and using Lemma 1, it is quite straightforward to obtain the following result. 
Now let us consider the partial differential equations (51), (53)-(55)
. First, we discuss the following equations: in -oo < x < +00, -ipQ < ip < 0, 0 < ip < I/JQ < 1,
-*%!(!-&£)+»--
at V = 0,
at ip = V>o",
where i^i(x, ■ 0) S B° and <p2(x) € ^+ 1 for n > 0. We shall make use of the family of
t;~=0 at ip = -ipQ ; 
Obviously the solutions of (64) to (66) correspond to the eigenfunctions of A in L 2 with eigenvalues r and A is closed and densely defined. Also it is easy to obtain that _1 is compact for r > 0. Therefore, there are countably infinitely many eigenvalues, and the set of corresponding eigenfunctions is complete in L 2 . In Appendix 2, the asymptotic behavior of these eigenvalues is given. We summarize the results as follows:
Lemma 2. The system of (64)-(66) has solutions e n {^) 7 
2=1
where the convergence is in L 2 -norm and
J-ii>-Jo
Then multiplying (59) by afy) and integrating by parts twice, we have
Ci xx (x) + Tidix) = ai(x) + (P2(x)ei(0)
where Co = 0, and, for i = 1,2,...,
J-^0 Jo
If we let -n = $ for i = 1,2,..., 
II^^^^II^^^H^IIBO,
for j = 0,1. We call v(x,ip) a generalized solution of (59)-(63) if w _ (a;,V) e H^R x (-Vo",0)), « + (x, V) € H^R x (0, Vo + )), and (-^,0) )
For general u(x,il>), we can use u n (x^) with finitely many terms to approximate u(x^) to obtain the estimate (74). Therefore, u{x^) defined in (70) is a generalized solution for (73). Now we need to have the Holder estimates for u(x, ip). Since u(x, ip) satisfies (73) and <pi{x,il>) E B°, the interior estimates of Holder norms for ufat/;) and its derivatives up to second order can be obtained by classical elliptic operator theory [6] . Also, we have Dirichlet boundary values at ip = -^ and ip = ^j". Thus, since tpi G B?, the Holder estimates for u(x, ip) can be extended to ^ = -^, V = ^o" [6] . Therefore, we only need Holder estimates at ip = 0 :t where O* is denoted as the limit when ^ -> 0 from the positive or negative direction, respectively.
First, we change (73) into a more manageable form for x and tj). By the definition of p(s), the integration variable sin I satisfies \s-x\ > ^T/'Q'+T/^+I. Thus the differentiated series of / is uniformly convergent and derivatives can be taken term by term. By a routine calculation [14] ,
\\I\\BS < K(M B O + y 2 \\ B o)
where K is a generic constant independent of XQ and B2 is defined just as B2 except that the sup-norm is taken only for \x -£o| < 1. For //, we write 
Then, we consider (51)-(55) and write
G3(a;,fi,0 = M 2 (w) + G3(a;,e,0, 
Now we are ready to obtain the existence of solutions of (51)-(55) and (57). B(x,'lj;) = P (F(w,B,E) ,G(w,B,E)) = ~(w,B,E),
by using Theorem 2 and (81). 
